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Abstract. We prove that the area of cross-sections of light-cones, in space-
times satisfying suitable energy conditions, is smaller than or equal to that of the
corresponding cross-sections in Minkowski, or de Sitter, or anti-de Sitter space-time.
The equality holds if and only if the metric coincides with the corresponding model in
the domain of dependence of the light-cone.
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1. Introduction
It is a well known fact in general relativity that gravitation tends to focus null geodesics;
this fact lies at the heart of, e.g., the singularity theorems of Hawking and Penrose [1].
In this work we wish to point a simple and striking illustration of this fact, which seems
to have been overlooked in the literature, concerning the area of cross-sections of light-
cones: We prove that such cross-sections, in space-times satisfying the Einstein equations
with vanishing cosmological constant Λ, and with the energy-momentum satisfying the
dominant energy condition, are smaller than the corresponding areas of cross-sections of
light-cones in Minkowski space-time. Moreover, under supplementary restrictions on the
energy-momentum tensor, equality of areas for a cross-section S implies that the space-
time is Minkowskian in the domain of dependence of that part of the light-cone which
lies between the vertex and the cross-section S. A similar result holds when Λ 6= 0: in
the statement just given one needs to replace the Minkowski space-time by the de Sitter
or anti-de Sitter space-time. The precise statements can be found in Section 2.
The idea of the argument is to show, using the dominant energy condition, that
the expansion of the light-cone is smaller than that of the model space; this implies
the area inequality. The rigidity part of our statement is based on an analysis, closely
following that in [2], of the associated characteristic Cauchy problem; see also [3–8] and
references therein.
2. The theorem
Consider an (n + 1)–dimensional space-time (M , g), n ≥ 2, satisfying the dominant
energy-condition,
TµνX
µY ν ≥ 0 for all future oriented timelike vectors X and Y . (2.1)
This will be the only condition needed for our comparison result. However, to obtain
rigidity, more conditions will be needed. We shall say that the rigid dominant energy
condition holds at q ∈ M if (2.1) holds, together with the implication:
TµνX
µXν = 0 for some causal vector X at q =⇒ TµνXν = 0 at q. (2.2)
(It is well known that the implication is always true for timelike vectors by (2.1) (compare
Appendix B), so this is only a restriction for null X ’s.) We note a related condition
used by Galloway and Solis [9] (see condition (C) in Section 4 of that last reference),
also in a null rigidity context.
General relativistic fluids with timelike flow vector uµ, with 0 ≤ |p| ≤ ρ, and with
an equation of state which excludes the possibility p = −ρ except when ρ = 0, provide
energy-momentum tensors satisfying (2.2) everywhere. Another example is provided by
the energy-momentum Tµν = ρℓµℓν , where ρ ≥ 0 and ℓµ is null.
Examples of energy-momentum tensor satisfying the dominant energy condition
and which do not satisfy (2.2) are given by Tµν = −ρgµν , ρ ≥ 0,‡ or by massless scalar
‡ Our signature is (−,+ . . . ,+).
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Figure 2.1. The cross-section A (s) of the light-cone C+p ; C (s) is the shaded blue
region. Two generators γℓ1 and γℓ2 are also shown.
fields, or by the Maxwell energy-momentum tensor, as discussed in Appendix A.
There is, however, a version of (2.2) which applies to both massless scalar fields and
Maxwell fields; see Propositions A.2 and A.3 below; we emphasize that the argument
there is non-local (as it requires integration), and non-algebraic (as it makes use of the
field equations): To define this, let ℓ be a field of null tangents to a null hypersurface
N . We shall say that the rigid dominant energy condition holds on N if (2.1) holds
together with the implication:
Tµνℓ
µℓν = 0 on N =⇒ Tµνℓν = 0 on N . (2.3)
Let p ∈ M and let C +p be the future light-cone emanating from p. Let T be any unit
timelike vector at p, and normalize all null vectors ℓ at p by requiring that g(ℓ, T ) = −1.
This defines an affine parameter, denoted by s, on the future null geodesics s 7→ γℓ(s)
with γℓ(0) = p and with initial tangent ℓ. Let A (s) denote the (n − 1)–dimensional
surface reached by these geodesics after affine time s:
A (s) = {γℓ(s)} ⊂ C +p , (2.4)
where the vectors ℓ run over all null future vectors at p normalized as above; see
Figure 2.1. We denote by C (t) the subset of the light-cone covered by all the geodesics
up to affine time t:
C (t) = ∪0≤s≤tA (s) . (2.5)
Note that γℓ(s) might not be defined for all s. Further, A (s) might not be a smooth
surface. However, for every point p there exists a maximal s0 > 0 such that A (s) is
defined and smooth for all s < s0. We restrict ourselves to s < s0, though it is rather
clear that this can be relaxed using the methods of [10]; we have, however, not attempted
to verify all details of that.
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Let |A (s)|g denote the area of A (s). So for the Minkowski metric, which we denote
by η, we have
|A (s)|η = ωn−1sn−1 ,
where ωn−1 is the area of the unit round sphere in R
n.
We consider metrics satisfying the Einstein equations with cosmological constant
Λ ∈ R and sources. We assume smoothness of the metric for simplicity, though our
result can be proved under weaker differentiability conditions:
Theorem 2.1 Let (M , g) be a smooth globally hyperbolic space-time, solution of
the Einstein equations with energy-momentum tensor satisfying the dominant energy
condition. We restrict attention to s such that C (s) lies within the domain of injectivity
of the exponential map at p. Then:
(i) The area |A (s)|g satisfies the inequality
|A (s)|g ≤ |A (s)|η . (2.6)
(ii) Let equality be attained at some s = s2. If either
(a) the rigid dominant energy holds at C (s2), or
(b) the energy-momentum tensor is traceless,
then the domain of dependence of C (s2) is isometric to the corresponding domain
of dependence in Minkowski or (anti) de Sitter space-time.
Proof: Let θ denote the rate of change of area along the null geodesic generators of C +p ,
and let σ denote the shear of C +p (see, e.g., [11]). Let γ be such a generator, and recall
the Raychaudhuri equation in space-time dimension n + 1 [11] (note that the rotation
term vanishes because our family of null geodesics forms a hypersurface)
dθ
ds
= −σABσAB − 1
n− 1θ
2 − Rσµγ˙σγ˙µ . (2.7)
Here s is an affine parameter along the generators: ∇γ˙ γ˙ = 0.§
Before giving a detailed proof, it might be useful to present an outline: Let θ0
denote the expansion of a light-cone in Minkowski space-time:
θ0 :=
n− 1
s
;
then θ0 satisfies (2.7) with vanishing Ricci tensor and σ. Since θ approaches (n− 1)/s
as the tip of the light-cone is approached, a comparison argument using (2.7) shows
that θ is smaller than its Minkowskian value. This, subsequently, implies the area
inequality. Equality holds on A (s2) if and only if σ and Rσµγ˙
σγ˙µ vanish along all
geodesic generators of C +p until these generators reach A (s2), i.e., on C (s2). When
§ For the proof of rigidity we will be using a coordinate system (u, r, xA), where s = r, with a wave-
map condition imposed on the extension of the coordinates away from the light-cone. However, no such
condition is needed for the comparison argument.
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the rigid dominant energy condition holds (in either its local or nonlocal form), the
usual energy calculation implies that the metric is vacuum in the domain of dependence
of C (s2). Under the traceless condition a more detailed analysis is necessary. This,
together with the vanishing of σ on C (s), is used to show that the metric tensor takes
the model-metric values on C (s), and the result follows by uniqueness of solutions of
the characteristic initial value problem.
Let us pass now to the details of the above. Since θ0 satisfies the equation
dθ0
ds
= − θ
2
0
n− 1 ,
from (2.7) we have
d(θ − θ0)
ds
=
θ20 − θ2
n− 1 − σABσ
AB − Rµν γ˙µγ˙ν
= − (θ − θ0)
2
n− 1 −
2
s
(θ − θ0)− σABσAB − Rµν γ˙µγ˙ν
≤ − 2
s
(θ − θ0)− σABσAB − Rµν γ˙µγ˙ν . (2.8)
Hence, for s > s1 > 0,
s2(θ − θ0)(s) ≤ s21(θ − θ0)(s1)−
∫ s
s1
(σABσ
AB +Rµν γ˙
µγ˙ν)s2ds . (2.9)
Now, for a smooth metric we have
θ =
(n− 1) + o(1)
s
(2.10)
for small s, so we can pass to the limit s1 → 0 to obtain
(θ − θ0)(s) ≤ − 1
s2
∫ s
0
(σABσ
AB + Rµν γ˙
µγ˙ν)s2ds . (2.11)
Since the dominant energy condition has been assumed to hold, the right-hand-side of
(2.11) is non-positive and we conclude that
θ(s) ≤ n− 1
s
(2.12)
as long as the geodesic exists. Furthermore, equality holds for some s2 > 0 if and only
if
∀s satisfying 0 < s < s2 , σAB = 0 = Rµν γ˙µγ˙ν . (2.13)
The area inequality follows from (2.12) in a standard way, we give the details for
completeness. In a coordinate system adapted to the light-cone we can write the metric
on the cone in the form
g = −αdu2 + 2νAdxAdu− 2e2βdudr + gABdxAdxB , (2.14)
so that C +p = {q ∈ M : u(q) = 0}, where r is an affine parameter along the generators
of C +p , vanishing at the vertex, denoted by s in the previous equations. A calculation
shows
θ =
1√
det gAB
∂r(
√
det gAB) . (2.15)
The light-cone theorem 6
Let us denote by g˚ABdx
AdxB the (n − 1)–dimensional corresponding metric arising on
a light-cone in the (n+1)–dimensional Minkowski space-time. Then our analysis so far
shows that
θ ≡ ∂r log
√
det gAB ≤ θ0 ≡ ∂r log
√
det g˚AB .
Thus log(det gAB/det g˚AB) is decreasing. By elementary considerations the quotient
det gAB/det g˚AB tends to one as r tends to zero, and we conclude
log
√
det gAB ≤ log
√
det g˚AB, hence
√
det gAB ≤
√
det g˚AB .
The areas |A (r)|g and |A (r)|η are
|A (r)|g ≡
∫
Sn−1
√
det gAB dx
2 . . . dxn, |A (r)|η ≡
∫
Sn−1
√
det g˚AB dx
2 . . . dxn ,
therefore
|A (r)|g ≤ |A (r)|η ,
which establishes part 1. of the theorem.
Assume, now, that equality in this last equation holds at s = s2. Equation (2.13)
implies the vanishing of Tµν γ˙
µγ˙ν on C (s2).
If we assume that the energy-momentum tensor T satisfies the rigid dominant
energy condition, as in (2.2), or the rigid dominant energy condition on C (s2), as in
(2.3), we can conclude that Tµν γ˙
ν vanishes on C (s2). The proof that the metric is
vacuum in the domain of dependence of C (s2) is then standard, and proceeds as follows:
Consider the manifold
M̂ := M \ J+(A (s2)) ,
with the metric obtained from g by restriction, still denoted by g. Then (M̂ , g) is
globally hyperbolic, with
D
+(C (s2), M̂ ) = D
+(C (s2),M ) , (2.16)
where D+(Ω,M ) denotes the domain of dependence of an achronal set Ω within a
space-time (M , g). The equality in (2.16) means that the manifolds, equipped with the
obvious metrics, are isometric.
Let t be any Cauchy time function on M̂ , i.e., a time function ranging over R, the
level sets of which are Cauchy surfaces. Replacing t by t− t(p), we can without loss of
generality assume that t(p) = 0. Let
E(s) = −
∫
D+(C (s2))∩{t=s}
T µνn
νdSµ , (2.17)
where nµ is the field of future directed unit normals to the level sets of t; E is
positive in our signature (−,+, . . . ,+). The divergence identity on the set bounded
by C (s2) ∩ {t ≤ s} and D+(C (s2)) ∩ {t = s} (compare (D.13) and Lemma B.1) shows
that, for any time interval [0, T ], there exists a constant C = C(T ) such that
E(s) ≤ C
∫ s
0
E(t)dt−
∫
C (s)
T µνn
νdSµ︸ ︷︷ ︸
=0
, (2.18)
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where the boundary integrand vanishes by the rigid dominant energy condition, being
proportional to T µνn
ν γ˙µ. Since E(s) approaches zero as s tends to zero, from Gronwall’s
lemma we obtain
E(s) = 0 for 0 < s < s2.
Positivity of the integrand implies
Tµνn
µnν = 0 on D+(C (s2)) . (2.19)
From (2.19) and Lemma B.1, we conclude that an energy-momentum tensor
satisfying the rigid dominant energy condition must vanish on every level set of t within
the domain of dependence of C (s2). As D
+(C (s2)) is covered by these level sets, the
vanishing of Tµν on D
+(C (s2)) follows.
The proof of (2.19) for tensors that do not satisfy the rigid dominant energy
condition requires more care. In view of (2.13), at this stage of the analysis we can
only conclude that
Rrr = 8πTrr = 0 = 8πTrA = RAr (2.20)
on C (s2). Indeed, to see the vanishing of TAr, set ℓ = ∂r. Then, by the dominant energy
condition, the vector field T µνℓ
ν∂µ is causal, and has vanishing scalar product with ℓ,
hence is proportional to ℓ. So T µr∂µ is proportional to ∂r; subsequently
TAr = gAµ T
µ
r︸︷︷︸
0 unless µ = r
= gAr︸︷︷︸
0
T rr = 0 ,
as desired.‖
Let xµ denote normal coordinates centered at p, let R > 0 denote the largest
number so that the exponential map at p is a diffeomorphism from a truncated solid
cone Ω(R) ⊂ TpM , defined as
Ω(R) := {0 ≤ x0 ≤ R , r :=
√∑
(xi)2 < x0} ,
to its image in M . Note that this image is included in D+(C +p (R)) when the level sets
of x0 are timelike within Ω(R).
If Λ = 0, we let the functions yµ be solutions of the following characteristic Cauchy
problem:
✷gy
µ = 0 , (2.21)
yµ|
C
+
p (R)
= xµ . (2.22)
For non-zero Λ, we impose again the boundary conditions (2.22), but we require instead
that the map xα 7→ yµ(xα) satisfies the wave-map equation, with the (anti)-de Sitter
metric in the target,
g˚ = −
(
1− 2Λ
n(n− 1) r
2
)
dt2 +
dr2
1− 2Λ
n(n−1)
r2
+ r2˚hABdx
AdxB , (2.23)
‖ Actually, we can further show that a traceless Tµν must vanish at the vertex of the light-cone:
for this, by continuity and (2.13) we find that Tµνℓ
µℓν = 0 at p for every null vector ℓ ∈ TpM .
By [12, Lemma 2.8], Tµν is proportional to the metric at p, and tracelessness implies the claim. But
this fact does not seem to be useful in the analysis that follows.
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where h˚ABdx
AdxB is the round unit metric on Sn−1. Thus, in both cases, the functions
yµ satisfy the set of equations (see, e.g., [13, page 162])
gαβ
(
∂α∂βy
µ − Γσαβ
∂yµ
∂xσ
+ Γ˚µνρ
∂yν
∂xα
∂yρ
∂xβ
)
= 0 , (2.24)
where the Γ˚µνρ’s are the Christoffel symbols of g˚, except that (2.24) is linear when Λ = 0,
and thus the solutions exist globally on the domain of dependence of the smooth part
of the light-cone, while for Λ 6= 0 the solutions might exist only for some neighborhood
of the tip of the light-cone.
By [14, Theorem 5.4.2] (compare [15]) the functions yµ are smooth up-to-boundary
on D+(C +p (R)). Decreasing R if necessary, the functions y
µ form a smooth coordinate
system on D+(C +p (R)). Let gµν denote the components of the metric in the coordinates
yµ, then the gµν ’s are smooth up-to-boundary on D
+(C +p (R)). If we pass to a coordinate
system so that
u := y0 − |~y| ,
and r = |~y|, and where the xA’s are local coordinates on Sn−1, then the cone is given
by the equation u = 0, and the metric on C +p (R) takes the form (2.14):
g = −αdu2 + 2νAdxAdu− 2e2βdu dr + hABdxAdxB . (2.25)
We emphasize that we do not assume that the metric takes the form (2.25) away from
{u = 0}, so care must be taken when ∂u–derivatives are taken.
By definition [11], σAB is the trace-free part of
g(∇A∂r, ∂B) = gBCΓCAr =
1
2
∂rgAB ,
so from the vanishing of σAB, and from the explicit formula for θ = θ0 we obtain
∂rhAB =
2
r
hAB ⇐⇒ ∂r(r−2hAB) = 0 . (2.26)
Since r−2hAB tends to the unit round metric h˚AB on S
n−1 as r tends to zero, we conclude
that
hAB = r
2˚hAB .
We continue by showing that β = 0. For this note that, by definition of normal
coordinates, r is an affine parameter along the geodesics generators of C +p . So∇∂r∂r = 0,
which is equivalent to 0 = Γµrr. But
Γµrr = δ
µ
r (2∂rβ+
1
2
e−2β∂ugrr) , and we conclude that e
−2β∂ugrr = −4∂rβ .(2.27)
We set
λµ := −gαβΓµαβ , (2.28)
λ˚µ := −gαβΓ˚µαβ . (2.29)
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The wave map condition λr = grµλ˚
µ can be shown to read
1
2
hAB∂rhAB︸ ︷︷ ︸
n−1
r
+ e−2β∂ugrr︸ ︷︷ ︸
−4∂rβ
≡ λr = grµλ˚µ ≡ n− 1
r
e2β .
Writing y = e2β , this is the same as
∂ry =
n− 1
2r
y(1− y) .
Integrating, we obtain either y ≡ 1, or
y =
C(xA)r(n−1)/2
1 + C(xA)r(n−1)/2
,
for some function C(xA). But, in normal coordinates, β approaches zero as r goes to
zero, and we conclude that y ≡ 1; equivalently, β ≡ 0.
In Appendix C we show that the vanishing of RrA is equivalent to
0 =
(n− 2)(n− 3)
2r2
νA +
3n− 5
2r
∂rνA + ∂r∂rνA
=
1
rn−1
∂r
[
rn−1
(
∂rνA +
n− 3
2r
νA
)]
. (2.30)
Integrating (2.30) in r once we obtain, for some smooth functions νˆA = νˆA(x
B),
νˆAr
1−n = ∂rνA +
n− 3
2r
νA = r
−n+3
2 ∂r(r
n−3
2 νA) .
Integrating again, we conclude that there exist smooth functions ν˚A(x
B) such that, for
n > 1,
νA(r, x
B) = r
3−n
2 ν˚A(x
B)− 2
(n− 1)r
2−nνˆA(x
B) . (2.31)
But from the definition of our coordinate system it is elementary to show that νA
approaches zero as r → 0, which implies that νA ≡ 0.
We are ready now to establish (2.19) for traceless energy-momentum tensors. For
this let
Ω(s∗) := J
+(p) ∩ {t < s∗} , (2.32)
where t = x0 is a normal coordinate. We define s∗ ≤ R to be the largest number smaller
than or equal to s2 such that Ω(s∗) lies within the domain of definition of normal
coordinates. Moreover, we assume that ∂t and ∇t are timelike on Ω(s∗), and that the
functions yµ, defined as solutions of (2.24), form a coordinate system on Ω(s∗). The
proof of the vanishing of Tµν , to be found in Appendix D, is again an energy calculation,
using instead the energy functional defined as
E(s) = −
∫
D+(C (s2))∩{t=s}
T µνX
νdSµ , (2.33)
The light-cone theorem 10
where the normal–coordinates components of X = Xµ∂µ are, very roughly, of the form
Xµ = xµ . (2.34)
This choice of Xµ ensures the vanishing of the boundary term that arises on C (s∗) in
the divergence identity (D.13). However, this leads to a difficulty because Xµ is null at
C (s), which implies that the integrand of (2.33) does not control uniformly the energy
as the boundary C (s∗) of Ω(s∗) is approached. Thus, the standard energy argument
requires a careful reinspection. The price to pay is the need to impose tracelessness of
Tµν . Moreover the argument does not guarantee that the metric is vacuum throughout
D+(C (s2)), but only on D
+(C (s∗)),¶ and we will return to this issue at the end of the
proof.
We let s∗ be the number defined in the paragraph after (2.32) when Tµν is traceless,
and we set s∗ = s2 if the rigid dominant energy condition holds on C (s2). Since the
metric is now vacuum on D+(C (s∗)), we have
gABRAB = 2Λ (2.35)
there. We shall use (2.35) to prove that α = 1− 2Λr2/n(n− 1) on C (s∗).
Recall that, at this stage, on C (s∗) the metric takes the form
g = −αdu2 − 2dudr + r2˚hABdxAdxB . (2.36)
In Appendix E we show that
gABRAB = 4Λ
n+ 1
n− 1+2∂r∂rα+
3(n− 1)
r
∂rα+
(n− 1)(n− 2)
r2
(α−1).(2.37)
This, together with (2.35), provides a Fuchsian ODE for α − 1, with characteristic
exponents λ which solve the equation
2λ(λ− 1) + 3(n− 1)λ+ (n− 1)(n− 2) = 0 ,
and thus the solutions are
α = 1− 2Λ
n(n− 1) r
2 + α+(x
A)rλ+ + α−(x
A)rλ− ,
where α± are smooth functions on S
n−1, and
λ± ∈
{
1− n
2
, 2− n
}
.
Since both characteristic exponents are negative, the only regular solution is α ≡
1− 2Λ
n(n−1)
r2.
We have therefore shown that gµν takes the Minkowski, or (anti)-de Sitter form
on C (s∗). Note that the energy argument above can be used to prove uniqueness of
¶ Strictly speaking, the argument presented in the Appendix D only proves that the metric is vacuum
in Ω(s∗). But {t = s∗}∩J+(C (s∗)) is a Cauchy surface for D+(C (s∗)), so a standard argument proves
then that the metric is vacuum in D+(C (s∗)).
The light-cone theorem 11
solutions of the reduced Einstein equations, with the components of the metric in the
wave-map gauge prescribed on the light-cone, in the usual way (compare [3, 6, 8] and
references therein). It follows that gµν equals the corresponding reference metric on the
domain of dependence of C (s∗).
So, we have that xµ = yµ on Ω(s∗), with gµν = g˚µν there. If s∗ < s2, then one can
repeat the argument of Appendix D to obtain the above conclusions on Ω(sˆ∗), for some
sˆ∗ satisfying s∗ < sˆ∗ ≤ s2. Using this observation, an easy open-closed argument shows
that s∗ = s2, which had to be established. ✷
For further reference we note the following result, which follows immediately from
(2.8) and (2.11):
Proposition 2.2 The expansion θ(s) will become negative along a generator γ of C +p
at some value of s strictly smaller than s2 whenever∫ s2
0
(σABσ
AB +Rµν γ˙
µγ˙ν)s2ds ≥ (n− 1)s2 . (2.38)
✷
Once θ(s) has become negative, standard arguments imply that θ will diverge in
finite time, so that either γ will be incomplete, or will leave J˙+(p) in finite time.
A. The rigid dominant energy condition on the null cone: Maxwell and
scalar fields
We start by verifying:
Proposition A.1 Both the Maxwell energy-momentum tensor and the massless scalar
field energy-momentum tensors satisfy the dominant energy condition.
Proof: It suffices to show that if nµ is unit and timelike, then Pµ := Tµνn
µ is causal.
Now, in an orthonormal frame eµ with n
µ∂µ = e0 we have, for the massless scalar field,
T00 =
1
2
(e0(φ))
2 +
1
2
∑
i
(ei(φ))
2 , T0i = e0(φ)ei(φ) ,
and the causal character of Pµ = T0µ follows from a|~b| ≤ 12(a2 + |~b|2).
For the Maxwell field, further rotating the frame so that F0i ∼ δ1i , it holds that
T00 =
1
2
∑
j
F 20j +
1
4
∑
i,j
F 2ij =
1
2
F 201 +
1
2
∑
j
F 21j +
1
4
∑
i,j 6=1
F 2ij ,
T0i = F01Fi1 ,
and the result follows as for the scalar field. ✷
Now we show that the scalar and Maxwell fields do not obey the rigid dominant
energy condition in its local form (2.2) at a point q. For a scalar field φ, define kµ ≡ ∂µφ|q.
Then the energy-momentum tensor at q ∈ M can be expressed as
Tµν = kµkν − 1
2
|k|2ggµν
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For spacelike kµ the associated tensor T
µ
ν has null eigenvectors (which are orthogonal
to k) with nonzero eigenvalue −1
2
|k|2g, which implies that Tµν does not obey the rigid
dominant energy condition (2.2).
The Maxwell stress energy tensor of an electromagnetic field is, whatever the space-
dimension n ≥ 2,
Tαβ = F
λ
αFλβ − 1
4
gαβF
λµFλµ .
At any point at which Fµν is of the form Y[µZν], for some spacelike vectors Y and Z,
there exist null vectors lµ for which Fµν l
ν = 0. Such vectors are eigenvectors of T αβ
with nonzero eigenvalue. This implies that the Maxwell field does not obey the rigid
dominant energy condition (2.2).
Next, let C (s2) be the subset of the future null cone C
+
p defined by (2.4)-(2.5). We
have:
Proposition A.2 In space-times satisfying the Einstein-Maxwell field equations, the
rigid dominant energy condition holds on C (s2).
Proof: We use a coordinate system in which the metric takes the form (2.25). The
condition Tµνℓ
µℓν = 0 in (2.3) reads in those coordinates
Trr = F
λ
rFλr = 0 ,
with, by antisymmetry, Frr = F
u
r = 0. Hence
Trr = g
ABFArFBr = 0 ,
which implies
FAr = 0, hence also F
Au = 0 .
Keeping in mind grr = grA = 0, we obtain a direct, alternative justification of (2.20):
TrA = F
λ
rFλA = 0 .
The Maxwell equation dF = 0 shows that
∂rFAB = 0 .
Because of the polar character of the coordinates xA, regularity of F at the vertex gives
the vanishing of FAB = 0 there, and hence everywhere.
The Maxwell equation
∂µ(
√
| det gαβ|F µu) = 0
reduces in our coordinates to
∂r(e
−2β
√
det hABFru) = 0 .
Since e−2β
√
det hABFru tends to zero as r → 0, we conclude that Fur ≡ 0. Now (recall
that gur = −e2β and FAr = FAu = 0),
Tur = F
u
uFur +
e2β
2
F urFur +
e2β
4
FABFAB ,
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and so
Tur = 0 .
Hence Tµνℓ
µ vanishes on C (s2), as desired. ✷
Similarly, we have
Proposition A.3 In space-times satisfying the Einstein — massless scalar field
equations, the rigid dominant energy condition holds on C (s2).
Proof: In this case
Tαβ = ∂αφ ∂βφ− 1
2
gαβ∂λφ∇λφ .
Hence
Trr = (∂rφ)
2,
and Trr = 0 implies ∂rφ = 0. So φ is constant on C (s2); uniqueness of solutions of the
wave equation implies that φ is constant in the domain of dependence of C (s2), and so
Tµν vanishes there. ✷
B. The dominant energy condition and its consequences
Let us denote
√|g(Z,Z)| by |Z|g. Given a timelike vector n, let us denote by |Z|g,n the
square root of
g(Z,Z) + 2
g(Z, n)2
|g(n, n)| ≥ 0 . (B.1)
Note that |n|g = |n|g,n, and also |Z|g = |Z|g,n when Z is orthogonal to n.
We recall a well known result, which we prove for completeness:
Lemma B.1 Suppose that a symmetric two-covariant tensor T satisfies the dominant
energy condition (2.1), and let n be a timelike vector.+ Then for any vectors W,Z we
have
|T (W,Z)| ≤ |W |
2
g,n + |Z|2g,n
|n|2g
T (n, n) . (B.2)
Furthermore, for any causal vector X we also have
T (X,X) ≤ 2|X|g,n|n|g T (X, n) . (B.3)
Remark B.2 Denoting by |T |g,n the norm of T with respect to the Riemannian metric
associated with the quadratic form (B.1), (B.2) implies
|T |g,n ≤ 2|n|2g
T (n, n) . (B.4)
+ We hope that the clash of notation with the space-dimension n, as used elsewhere in this paper, will
not lead to confusions.
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Proof: Let, first W be orthogonal to n. As |W |g,n = |W |g, the vectors W± :=
|W |g,nn± |n|gW are null consistently time-oriented, thus
0 ≤ T (W+,W−) = |W |2g,nT (n, n)− |n|2gT (W,W ) ,
giving, for W ⊥ n,
T (W,W ) ≤ |W |
2
g,n
|n|2g
T (n, n) . (B.5)
Adding the two equations obtained by writing explicitly T (W+,W+) ≥ 0 and
T (W−,W−) ≥ 0 gives
T (W,W ) ≥ −|W |
2
g,n
|n|2g
T (n, n) =⇒ |T (W,W )| ≤ |W |
2
g,n
|n|2g
T (n, n) . (B.6)
We also have,
0 ≤ T (n,W±) = T (n, |W |gn)± T (n, |n|gW ) ,
giving, again for W ⊥ n,
|T (W,n)| ≤ |W |g,n|n|g,n|n|2g
T (n, n) . (B.7)
Next, if both W and Z are orthogonal to n, using (B.6) we find
|T (W,Z)| = 1
4
|T (W + Z,W + Z)− T (W − Z,W − Z)|
≤ |W + Z|
2
g,n + |W − Z|2g,n
4|n|2g
T (n, n)
=
|W |2g,n + |Z|2g,n
2|n|2g
T (n, n) . (B.8)
Finally, for general vectors W and Z we can write
W = w
n
|n|g +W
⊥ , Z = z
n
|n|g + Z
⊥ ,
with both W⊥ and Z⊥ orthogonal to n. Then
|W |2g,n = w2 + |W⊥|2g,n , |Z|2g,n = z2 + |Z⊥|2g,n ,
and, from what has been said so far,
|T (W,Z)| =
∣∣∣∣ wz|n|2gT (n, n) +
w
|n|gT (n, Z
⊥) +
z
|n|gT (n,W
⊥) + T (W⊥, Z⊥)
∣∣∣∣
≤ |wz|+ |wZ
⊥|g,n + |zW⊥|g,n + 12(|W⊥|2g,n + |Z⊥|2g,n)
|n|2g
T (n, n)
≤ w
2 + z2 + |W⊥|2g,n + |Z⊥|2g,n
|n|2g
T (n, n)
=
|W |2g,n + |Z|2g,n
|n|2g
T (n, n) .
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This proves (B.2).
For (B.3), set Zµ = −T µνXν ; the dominant energy condition implies that Zµ is
causal future directed. Let ea, a ∈ {0, . . . , n}, be any orthonormal frame such that
n = |n|ge0, and let Xa denote the components of X in this frame, thus X = Xaea,
similarly for Za. Then (B.3) is equivalent to
− g(Z,X) ≤ 2|X|g,n|n|g (−g(Z, n)) . (B.9)
Now, since both Z and X are causal and future directed we have |∑iX iZ i| ≤ Z0X0,
so
−g(Z,X) = Z0X0 −
∑
i
X iZ i ≤ 2Z0X0 = 2X
0
n0
(−g(Z, n))
= 2
X0
|n|g (−g(Z, n)) ,
and (B.3) follows. ✷
We note that the constant in the Lemma B.1 is optimal, with the inequality
becoming an equality when Z is null, when Tµν = Z(µnµ), and whenX
0 = Z0, X i = −Z i.
C. RrA
In this appendix we calculate the components RrA of the Ricci tensor of a metric which
on a null hypersurface N = {u = 0} takes the form
g = −αdu2 + 2νAdxAdu+ 2εdudr + r2˚hAB︸ ︷︷ ︸
hAB
dxAdxB . (C.1)
Here we allow ε = ±1, according to whether a future (ε = −1) or a past (ε = 1) light-
cone is considered. We emphasize that the above form of the metric is only assumed at
{u = 0}, so all the gµν ’s are allowed a priori to be non-zero away from N ; similarly for
their derivatives.
The equations in this appendix, and in appendix E, have been checked with the
xAct system for tensor computer algebra [16].
Writing g♯ for the inverse metric, we have
g♯ = ψ∂2r + 2µ
A∂r∂A + 2ε∂u∂r +
1
r2
h˚AB∂A∂B , (C.2)
grA ≡ µA = −ε 1
r2
h˚ABνB , g
rr ≡ ψ = α + 1
r2
h˚ABνAνB . (C.3)
We reserve the symbols νA, µ
A, α, ψ and hAB for objects defined on {u = 0}, so
that e.g. ∂uνA does not make sense (but ∂uguA does, and might a priori be non-zero).
The Levi-Civita connection of the metric hAB will be denoted as DA and will have
Christoffel symbols γCAB with respect to the derivative ∂A.
All the equations that follow are on N .
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We have the following Christoffel symbols (the remaining ones can be obtained by
symmetry):
Γuuu =
ε
2
(∂rα+ 2∂ugur) , (C.4)
Γuur =
ε
2
∂ugrr , (C.5)
Γurr = 0 , (C.6)
Γruu =
1
2
µA∂Aα +
1
2
ψ(∂rα + 2∂ugur) + µ
A∂uguA +
ε
2
∂uguu , (C.7)
Γrur = −
ε
2
∂rα +
1
2
µA∂rνA +
1
2
µA∂ugrA +
1
2
ψ∂ugrr , (C.8)
Γrrr = −
ε
2
∂ugrr , (C.9)
ΓuAu =
ε
2
(∂ugrA − ∂rνA) , (C.10)
ΓuAr = 0 , (C.11)
ΓrAu = −
ε
2
∂Aα +
1
2
µB(DAνB −DBνA + ∂ugAB)
+
1
2
ψ(∂ugrA − ∂rνA) , (C.12)
ΓrAr = −
ε
2
(∂ugrA − ∂rνA) + 1
2
µB∂rhAB , (C.13)
ΓuAB = −
ε
2
∂rhAB , (C.14)
ΓrAB =
ε
2
(DAνB +DBνA − ∂ugAB)− 1
2
ψ∂rhAB , (C.15)
ΓCuu =
1
2
hCA∂Aα +
1
2
µC∂rα+ h
CA∂uguA + µ
C∂ugur , (C.16)
ΓCur =
1
2
hCA(∂ugrA + ∂rνA) +
1
2
µC∂ugrr , (C.17)
ΓCrr = 0 , (C.18)
ΓCAu =
1
2
µC(∂ugrA − ∂rνA) + 1
2
hBC(DAνB −DBνA + ∂ugAB) , (C.19)
ΓCAr =
1
2
hBC∂rhAB , (C.20)
ΓCAB = γ
C
AB −
1
2
µC∂rhAB . (C.21)
The traces of the Christoffel symbols read:
Γµuµ = ε∂ugur +
1
2
ψ∂ugrr + µ
A∂ugrA +
1
2
hAB∂ugAB , (C.22)
Γµrµ =
1
2
hAB∂rhAB , (C.23)
ΓµAµ =
1
2
hBC∂AhBC . (C.24)
Let λµ be defined by (2.28), we have
λu = − ∂ugrr + ε
2
hAB∂rhAB , (C.25)
The light-cone theorem 17
λr = − εhABDBνA + ∂rα− µAµB∂rhAB + 1
2
hABψ∂rhAB
− 2εµA∂rνA + ε
2
hAB∂ugAB − ε
2
ψ∂ugrr (C.26)
= − εhABDBνA + ∂r(ψ
√
det hEF )√
det hEF
+
ε
2
hAB∂ugAB − ε
2
ψ∂ugrr , (C.27)
λA = − hCDγACD +
1
2
hBCµA∂rhBC − hACµB∂rhBC
− ε(hAB∂rνB + hAB∂ugrB + µA∂ugrr) , (C.28)
λu = − hAB∂BνA + ε∂rα− µA∂rνA
+
1
2
hAB∂ugAB + µ
A∂ugrA +
1
2
ψ∂ugrr , (C.29)
λr =
1
2
hAB∂rhAB − ε∂ugrr , (C.30)
λA = − hBChADγDBC − µB∂rhAB − ε(∂rνA + ∂ugrA) . (C.31)
We choose the metric (2.23) as model metric, expressed in the following coordinate
system:
g˚ = −
(
1− 2Λ
n(n− 1) r
2
)
︸ ︷︷ ︸
=:α˚
dt2︸︷︷︸
(du− ε
α˚
dr)2
+
dr2
1− 2Λ
n(n−1)
r2
+ r2˚hABdx
AdxB
= − α˚du2 + 2εdudr + r2˚hABdxAdxB . (C.32)
Its non-vanishing Christoffel symbols are, up to symmetry,
Γ˚uuu = −
2εΛr
n(n− 1) , Γ˚
u
BC = −εr˚hBC , Γ˚ruu = −
2Λr
n(n− 1) α˚ ,
Γ˚rur =
2εΛr
n(n− 1) , Γ˚
r
BC = −r˚hBC α˚ , Γ˚ABr =
1
r
δAB , Γ˚
A
BC = γ˚
A
BC . (C.33)
We shall shortly assume that the metric g satisfies the wave-map conditions (see,
e.g., [13, Chapter VI])
λµ = λ˚µ ,
with λ˚µ defined in (2.29). We find
λ˚u = −gµνΓ˚uµν = rεgABh˚AB = ε
n− 1
r
, (C.34)
λ˚r = −gµνΓ˚rµν =
n− 1
r
− 2(n + 1)Λr
n(n− 1) , (C.35)
λ˚A = − gµνΓ˚Aµν = −2grBΓ˚ArB − gBCΓ˚ABC = −
2
r
grA − 1
r2
h˚BC γ˚ABC
= − 2
r
µA +
1
r2
√
det h˚EF
∂B(
√
det h˚EF h˚
AB) . (C.36)
Using λu = λ˚u, from (C.25) and (C.34) we obtain
∂ugrr = 0 , hence also ∂ug
uu = 0 .
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From λA = λ˚A we deduce that
∂ugCr = − (n− 1)
r
νC − ∂rνC ,
and finally λr = λ˚r gives
1
2
h˚AB∂ugAB = h˚
ABDAνB − ε∂r(r
n−1ψ)
rn−3
+ (n− 1)εr − 2(n+ 1)Λεr
3
n(n− 1) .
Now,
RAr = ∂γΓ
γ
Ar − ∂rΓγAγ + ΓγσγΓσAr − ΓγσrΓσAγ ,
and from what has been said so far, in particular using the harmonicity conditions, we
obtain
RAr = ∂uΓ
u
Ar + ∂rΓ
r
Ar + ∂BΓ
B
Ar − ∂rΓγAγ + Γγuγ ΓuAr︸︷︷︸
0
+ Γγrγ︸︷︷︸
ΓB
rB
ΓrAr + Γ
γ
BγΓ
B
Ar
− Γuur︸︷︷︸
0
ΓuAu − Γurr︸︷︷︸
0
ΓrAu − ΓuBr︸︷︷︸
0
ΓBAu − ΓiurΓuAi︸ ︷︷ ︸
ΓBurΓ
u
AB
− Γirr︸︷︷︸
0
ΓrAi − ΓiBrΓBAi
= ∂uΓ
u
Ar + ∂BΓ
B
Ar − ∂rΓuAu − ∂rΓBAB + ΓBrBΓrAr + ΓγBγΓBAr
− ΓBurΓuAB − ΓrBrΓBAr − ΓCBrΓBAC .
We have:
∂uΓ
u
Ar =
1
2
∂u
(
guµ(∂Agµr + ∂rgµA − ∂µgAr)
)
=
1
2
∂ug
uB∂rgBA .
On the null surface it holds that
∂ug
uB = −εhAB∂ugrA − εµB∂ugrr , (C.37)
so, using the harmonicity conditions, we are led to
∂ug
uB = −n− 1
r
µB + εhAB∂rνA . (C.38)
Hence
∂uΓ
u
Ar = ε
1
r2
((n− 1)νA + r∂rνA) . (C.39)
With some work, using the formulae derived so far, one similarly obtains
∂BΓ
B
rA − ∂rΓBAB = −
ε
r
∂rνA +
ε
r2
νA , (C.40)
− ∂rΓuAu = −
ε
2
∂r{∂ugrA − ∂rνA} , (C.41)
ΓrrAΓ
B
rB = ε
n− 1
r
{
1
2
(∂rνA − ∂ugrA)− 1
r
νA
}
, (C.42)
ΓBrA(Γ
u
Bu + Γ
r
Br + Γ
C
BC) =
1
r
γ˚CAC , (C.43)
− ΓBruΓuAB =
ε
2r
(∂rνA + ∂ugrA) , (C.44)
The light-cone theorem 19
− ΓrrBΓBAr − ΓBrCΓCAB = −
ε
2r
(∂rνA − ∂ugrA)− 1
r
γ˚BAB . (C.45)
Adding, we are led to
εRAr =
(n− 2)(n− 3)
2r2
νA +
3n− 5
2r
∂rνA + ∂r∂rνA
=
1
rn−1
∂r
[
rn−1
(
∂rνA +
n− 3
2r
νA
)]
. (C.46)
D. An energy inequality for traceless Tµν
We let xµ, with x0 ≡ t, denote normal coordinates centred on the vertex p of the future
light-cone; we restrict consideration to the region where those are well defined. Passing
to a subset of the domain of normal coordinates if necessary we can, and will, assume
that ∂t and ∇t are timelike. We will only consider metrics which behave as in the
proof of Theorem 2.1: Thus, we assume existence of a set of coordinates yµ which are
required to coincide with the normal coordinates xµ on the light-cone, and we assume
that the map xµ 7→ yµ is a smooth diffeomorphism in a neighbourhood of the future
light-cone of p. We let u = y0−|~y|, r = |~y|, and we denote by zA are angular coordinates
parameterising the unit vector ~y/r. We denote by (zµ) ≡ (u, r, zA) these coordinates; by
definition, {u = 0} is C (s∗). Furthermore we assume that, on C (s∗), the metric takes
the form (2.36),
g = −αdu2 − 2du dr + r2˚hABdzAdzB . (D.1)
Note that we write here zA for what is denoted by xA elsewhere in the paper since,
to avoid confusions, in the considerations below we reserve the symbol xµ for normal
coordinates.
We will also need the hypothesis that guu < 0 and that the u-derivatives of the
metric at the light-cone satisfy
∂ugrr = 0 .
As already pointed out, all those conditions will be the satisfied by the wave-map
coordinates from the main body of the paper at the current stage of the argument. But
we emphasize we do not need to assume that the coordinates yµ satisfy more conditions
than the ones just listed.
Consider a vector field X which, near the light cone, equals
X = u∂u + r∂r . (D.2)
So, wherever X takes this form,
g(X,X) = guuu
2 + 2gurur + grrr
2 .
On the light-cone this vanishes, so that X is null there.
Keeping in mind that guu < 0 and gur = −1 at {u = 0}, for every R > 0 there
exists u0 > 0 and ǫ > 0 such that for 0 ≤ r ≤ R and 0 < u ≤ u0 we have gur < 0 and
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guu < −ǫ. Since ∂ugrr = 0 at u = 0 we further have, in the same ranges of u and r,
|grr| ≤ Cu2. So the second term is negative, while there exists a (possibly small) r0 > 0
such that for 0 < u ≤ u0 and 0 ≤ r ≤ r0 the first term dominates the third one, which
shows that X is timelike in that region.
At u = 0 we have
∂u(g(X,X))|u=0 = (−2 + r∂ugrr)r .
This shows that, reducing u0 if necessary, X is again timelike in the range r0 ≤ r ≤ R
and 0 < u ≤ u0, and hence in the whole range 0 ≤ r ≤ R and 0 < u ≤ u0.
Since the set of future directed timelike vectors is convex, for every R > 0 one can
interpolate in the region u0/2 ≤ u ≤ u0 between X as given by (D.2) and some vector
field timelike everywhere to obtain a vector field, still denoted by X , which is timelike in
the timelike future of p and which takes the form (D.2) for 0 < r ≤ R and 0 < u ≤ u0/2.
As X is null at the light-cone, the integrand of (2.33) does not control all
components of Tµν uniformly as one approaches the light-cone, and we need to quantify
that. So we start by showing that, for any T ∈ [0,∞) there exists a constant C > 0
such that for 0 < r < t ≤ T we have
Tµνn
µXν ≥ C−1(t− r)T0νnν . (D.3)
Note that for u ≥ u0, the inequality follows immediately from the fact that all three
vectors Xµ, ∂t, and n
µ are uniformly timelike there, and from (B.3). So it remains to
consider points for which 0 < u ≤ u0/2. For this, we let Zµ be a future directed null
vector which, near the light-cone, takes the form Zµ = a∂u + r∂r. Then
TµνX
µnν = (uTuν + rTrν)n
ν
= ((u− a)Tuν + aTuν + rTrν)nν
= (u− a)T0νnν + TµνZµnν︸ ︷︷ ︸
≥0
.
The last term is non-negative by the dominant energy condition. Equation (D.3) will
follow if
(u− a) ≥ 1
2
(t− r) ⇐⇒ a ≤ 1
2
(t− r) . (D.4)
Now, the condition that Zµ is null reads:
0 = gµνZ
µZν = guua
2 + 2gurar + r
2grr . (D.5)
Keeping in mind that gur is negative, we choose the solution
a =
r
guu
(
−gur −
√
g2ur − guugrr
)
=
rgrr
−gur +
√
g2ur − guugrr
.
As already seen, since grr = 0 at u = 0, the hypothesis ∂ugrr|u=0 = 0 implies |grr| ≤ Cu2
on any bounded domain of u and r, from which it easily follows that, reducing u0 if
necessary, for 0 ≤ u ≤ u0 the inequality (D.4) holds.
We continue with:
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Proposition D.1 On any bounded interval of t, say 0 ≤ t ≤ T , and assuming as
before that we are working within the domain of definition of normal coordinates, there
exists a constant C such that, for 0 < r ≤ t ≤ T ,∣∣∣LXgµν − (2gµν − ∂rα
r
XµXν
)∣∣∣
b
≤ C(t− r) , (D.6)
where the norm | · |b is taken with some arbitrarily chosen Riemannian metric b.
Proof: For u ≥ u0/2 the estimate is clear, so it remains to consider the region
0 ≤ u ≤ u0/2, where X takes the form (D.2). By definition of Lie derivative,
LXdz
µ|u=0 = δµr dr + δµudu . (D.7)
Writing the metric along the light-cone as g = η+(1−α)du2, with η = −du2−2dudr+
r2˚hABdx
AdxB, one obtains
LXη = 2η, LX
[
(1− α)du2] = −r∂rα du2 + 2(1− α)du2, (D.8)
and, still at {u = 0}, one finds
LXg = 2g − r∂rα du2 . (D.9)
We note the estimate
|r∂rα| ≤ Ct2 for 0 < r ≤ t ≤ T . (D.10)
On the light cone we have
du = −1
r
Xµdx
µ .
So we can rewrite (D.9) as
LXgµν |u=0 = 2gµν − 1
r
∂rα XµXν . (D.11)
A Taylor expansion at u = 0 gives (D.6). ✷
Let E(s) be defined as in (2.33), except that t there is taken now to be a normal
coordinate x0 within its domain of definition. Recall that
Ω(s) := J+(p) ∩ {t < s} . (D.12)
We consider the divergence identity on Ω(s):
E(s) +
∫
C (s)
T µνX
νdSµ = −
∫
∂Ω(s)
T µνX
νdSµ = −
∫
Ω(s)
∇µ(T µνXν)
= −
∫
Ω(s)
1
2
T µνLXgµν . (D.13)
Since Tµν is traceless by hypothesis, from (D.6) and from (B.2) we obtain
|T µν(LXgµν − ∂rα
r
XµXν)|b ≤ C(t− r)Tµνnµnν . (D.14)
As ∂rα/r is bounded, (D.14) together with (B.3) imply
|T µνLXgµν | ≤ C
(
TµνX
µXν + (t− r)Tµνnµnν
)
≤ C ′
(
Tµνn
µXν + (t− r)T0νnν
)
. (D.15)
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By (D.3) the right-hand-side is bounded by a multiple of Tµνn
µXν , and we can conclude
that
E(s) ≤ C
∫ s
0
E(t)dt−
∫
C (s)
T µνX
νdSµ︸ ︷︷ ︸
=0
,
where the vanishing of the last integral follows from the fact that Xν is tangent to the
generators of C , hence null there, and from (2.13). Since E(s) approaches zero as s
tends to zero, from Gronwall’s lemma we obtain
E(s) = 0 for 0 < s < s∗.
Positivity of the integrand implies
TµνX
µnν = 0 on Ω(s∗) . (D.16)
Since X is timelike on the interior of Ω(s∗), from (B.3) we conclude that the space-time
is vacuum in Ω(s∗).
E. gABRAB
In this appendix we continue our analysis for a metric which, in addition to the
hypotheses of Appendix C, satisfies further νA = 0 at {u = 0}; thus, there we have
g = −αdu2 + 2εdudr + hABdxAdxB , (E.1)
with
g♯ = α∂2r + 2ε∂u∂r + h
AB∂A∂B . (E.2)
As in Appendix C, all calculations are done on the null hypersurface {u = 0}.
In addition to the previous list of vanishing Christoffel symbols,
Γurr = Γ
A
rr = Γ
u
rA = 0 , (E.3)
we now also have, due to the wave-map conditions and the vanishing of νA,
∂ugrr = ∂ugrA = Γ
u
ur = Γ
u
uA = Γ
r
rr = Γ
r
rA = Γ
A
ru = 0 . (E.4)
The remaining Christoffel symbols can be obtained from those listed in appendix C by
setting νA = 0 there.
We will need the following traces:
Γαuα =
1
2r2
h˚AB∂ugAB + ε∂ugru , (E.5)
Γαrα =
n− 1
r
, (E.6)
ΓαAα =
1
2
h˚BC∂Ah˚BC . (E.7)
In view of (C.35),
λr =
ε
2r2
h˚AB∂ugAB+
n− 1
r
α+∂rα , λ˚
r =
n− 1
r
−2Λr n+ 1
n(n− 1) , (E.8)
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and of the wave-map condition λr = λ˚r, we conclude that
ε
2r2
h˚AB∂ugAB =
n− 1
r
(1− α)− 2Λr n+ 1
n(n− 1) − ∂rα . (E.9)
We want, next, to calculate
gABRAB = g
AB(∂αΓ
α
AB − ∂BΓαAα + ΓασαΓσAB − ΓασBΓσAα)
= gAB
(
∂uΓ
u
AB + ∂rΓ
r
AB + ∂CΓ
C
AB − ∂BΓαAα + ΓαuαΓuAB
+ ΓαrαΓ
r
AB + Γ
α
CαΓ
C
AB − ΓDCBΓCAD − 2ΓrCBΓCAr − 2ΓuCBΓCAu
)
. (E.10)
We will calculate separately various terms above, in random order, starting with the
last two:
− 2hABΓCuAΓuBC =
ε
r3
h˚AB∂ugAB , (E.11)
−2hABΓCrAΓrBC =
ε
r3
h˚AB∂ugAB +
2(n− 1)
r2
α , (E.12)
hAB
(
∂uΓ
u
AB + ∂rΓ
r
AB
)
= − ε
r2
h˚AB∂r∂ugAB
− n− 1
r2
∂r(rα) +
n− 1
r
∂ugur , (E.13)
hAB
(
ΓαuαΓ
u
AB + Γ
α
rαΓ
r
AB
)
= −εn− 1
r3
h˚AB∂ugAB − (n− 1)
2
r2
α− n− 1
r
∂ugur .
The remaining terms are
gAB
(
∂CΓ
C
AB − ∂BΓαAα + ΓαCαΓCAB − ΓDCBΓCAD
)
= hABRAB ,
where R is the Ricci tensor of the metric hAB. Adding, one is led to the simple identity
gABRAB = − ε
r2
h˚AB∂r∂ugAB − ε
r3
(n− 3)˚hAB∂ugAB
− (n− 1)(n− 3)
r2
α− n− 1
r2
∂r(rα) + h
ABRAB . (E.14)
But, in view of the wave-map condition (E.9),
− ε
r2
h˚AB∂r∂ugAB − ε
r3
(n− 3)˚hAB∂ugAB
= 4Λ
n+ 1
n− 1 + 2∂r∂rα +
4(n− 1)
r
∂rα +
2(n− 1)(n− 2)
r2
(α− 1) . (E.15)
For the model metrics (2.23) we have hABRAB = (n− 1)(n− 2)/r2, so
gABRAB = 4Λ
n+ 1
n− 1+2∂r∂rα+
3(n− 1)
r
∂rα+
(n− 1)(n− 2)
r2
(α−1).(E.16)
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